Wong's result.
Furthermore, that idea can be modified so that it becomes applicable in affine differential geometry. This field was developed by E. Salkowski [6] and others. In a more general and abstract form it has recently become important mainly for functional analytic reasons.
In fact, such a "differential geometry of vector spaces" was initiated by E. R. Lorch [4] and R. (2) / = \p, p = b -\t, b= -p. where R is the radius of the sphere of C. Note that these solutions depend on the torsion. (5) is a necessary and sufficient condition for Cc£, to be spherical (even when r = 0 for some s). (4) and (5) (4) and (1):
where primes denote derivatives with respect to s. Of course other ways of deriving (6) can be modified so that they yield (4). For instance, assuming the formula for the centers of curvature, we have z = x + pp + {p /T)b = x + pp + ph.
C is spherical iff z is constant; thus z = x + pp + pp + pb + pb = 0.
From this and (2), equation (4) follows. (ii) //We is a function f £ C {]) such that (7) fr=p', f' = -pr is £ }).
II. The curve C in Theorem I is spherical iff it satisfies (5).
Note that it is not difficult to see that a spherical curve with a unique tangent has positive curvature and thus a unique trihedron.
Wong proved II by showing that (5) If r 4 0, we get 77 = p /r, and (9b) yields (6) as a necessary and sufficient condition for C to be spherical. If 2-= 0 for some s, equations (9a) and (9b) still make sense and are precisely the condition (7) (with / denoted by h).
Note that we were dealing with osculating spheres, which have contact of third order with the curve, so that Wong's assumption x £ C4(/) is natural, albeit not the weakest one. Note further that t = 0 at an s. implies p = 0 at s ; cf. (9a); that is, if the osculating plane is stationary (b = 0) and C is spherical, then k must be stationary at that point. This is geometrically understandable.
To explain the connection between I and II in geometrical terms, we may set h = H in (9a) and integrate. Then we see that p = H + c. Hence the function / in (7) is geometrically the derivative of the radius of curvature with respect to y. In (9b) we then have •■ r{p + H) = r{p + p) = 0, which gives a reason for the relation between I and II.
6. Some concepts of affine differential geometry. We want to show that the idea of §3 can be generalized to curves in affine space A For this we shall need a few simple concepts and facts as follows. Affine differential geometry investigates invariants with respect to the group of those affine transformations
x. = y a.,x, + c. A solution is (11) K = TÍT 4 T¿) .
Performing the indicated differentiation, we could cast this in the form of a Riccati equation, which also appeared in a paper by L. A. Santalo [7] who obtained it in a different way. However, (11) and its derivation, together with suitable differentiability assumptions, give immediately the following remarkable criterion.
Theorem. Let C: x(u) be a curve in affine space A, which is of class A geometrical discussion of (12) will be presented at some other occasion.
